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a b s t r a c t

The experimental conditions necessary for the synthesis of well-defined nanoparticles are often difficult
to control. There is thus a compelling need for post-synthesis separation of nanoparticles polydispersed
in size and shape. We demonstrate here both theoretically and experimentally that gold nanorods with
diverse aspect ratios can be separated using density gradient centrifugation. By analysing the force bal-
ance of a Brownian rod falling in a Stokes flow, we derive a rigorous and predictive model that reveals the
eywords:
old nanoparticle
anorods
eparation
ensity gradient centrifugation

quantitative dependency of the nanorod sedimentation rates on their mass and shape. The calculations
show that while mass dependency is still the dominating factor during centrifugation, the shape factor
is not insignificant. Relatively heavier but long and thin rods could sediment slower than certain size of
lighter spheres, and some rods and spheres with different masses and shapes may never be separated.
This mass and shape dependency is exploited to separate as-prepared gold nanorod colloids by sucrose
gradient centrifugation. Two layers of nanorods with narrow aspect-ratio distributions are obtained.
. Introduction

Nanometer-sized particles show unique physical and chemical
roperties that are different from those of bulk materials depend-

ng on their sizes and shapes due to the quantum confinement
ffect [1–5]. It is important to obtain monodispersed nanoparti-
les to define and exploit their distinct properties. Generally, two
trategies have been employed to obtain products uniform in size
nd shape. One strategy is to optimize the nanocrystal growth
arameters [6–9], but except for a few cases, most nanocrystal
ynthesis methods tend to result in polydispersed nanoparticles.
he other approach is post-synthesis separation [10–14]. In recent
ears, a variety of methods, such as centrifugation [10,15–19],
ize exclusion chromatography [20,21], filtration or diafiltration
13,21], selective precipitation [22,23], selective oxidation or etch-
ng [24,25], and electrophoresis [11,14,20,26] have been utilized
o produce certain nanoparticle fractions with narrow shape and
ize distributions. Among all methods for nanoparticle separa-
ion and purification, centrifugation is the most convenient as
t does not rely on any liquid–solid phase interactions and spe-
ific chemical reactions. While differential centrifugation usually
oes not have precise control over the size, there have been many
uccesses in separating nanoparticles with density gradient cen-

rifugation for size, shape, and aggregation-state selection. For
xample, Sun [17] reported the separation of FeCo@C nanocom-
osites using iodixanol gradient solution and the separation of
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chemically modified graphene using sucrose gradient solution.
Chen [15] isolated gold nanoparticle dimers and trimers by cen-
trifugation with high density CsCl2 solutions. Bai [18] exploited
an effective method for rapid separation and purification of metal
and CdSe nanoparticles by using a nonhydroxylic organic den-
sity gradient. These studies advanced the separation capability
of density gradient centrifugation experimentally, but fell short
in providing a predictive theoretical model to illustrate the sep-
aration process. Recently, Sharma [27] demonstrated that shape
separation between gold nanospheres and nanorods could be
readily achieved using centrifugation and offered a theoretical
framework to explain this phenomenon. By providing expres-
sions of the angular speed-normalized sedimentation rate and
the sedimentation coefficient for both spherical and rod-shaped
nanoparticles, they revealed that the shape–dependent drag causes
particles to have shape–dependent sedimentation behaviour. How-
ever, their sedimentation coefficient expression for nanorods
contains unknown orientational correction factors, which made it
impossible to give quantitative predictions on the sedimentation
rates of nanoparticles and nanorods of various sizes and aspect
ratios.

Gold nanorods have been widely used in cancer cell diagno-
sis and photothermal therapy [28–30], drug and gene delivery and
controlled release [31–33], and cellular imaging [34–36]. Uniform
gold nanorods are especially needed for sensitive biosensing, accu-
rately controlled release, two-photon and infrared imaging [37,38],

and single nanorod orientation sensing [39,40]. Here, we modeled
gold nanorods as Brownian ellipsoidal particles experiencing force
balance in a Stokes flow in a pipe and derived a rigorous expres-
sion of the orientation averaged vertical sedimentation coefficient.

dx.doi.org/10.1016/j.chroma.2011.04.038
http://www.sciencedirect.com/science/journal/00219673
http://www.elsevier.com/locate/chroma
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he validity of the expression is verified to be consistent with the
lassical sedimentation coefficient expression for spheres when the
spect ratio of rods is reduced to one. The sedimentation coefficient
f a nanorod is both diameter/mass and aspect ratio dependent
nd increases monotonically with either parameter. So for Brown-
an rods during centrifugation in a viscous fluid, the sedimentation
ate and the displacement can be calculated with known angu-
ar speed and centrifugal time. This allows us to investigate the
entrifugal sedimentation behaviors of gold nanorods quantita-
ively. Our results show that while mass dependency is still the
ominating factor, the shape factor is not insignificant. Relatively
eavier but long and thin rods could sediment slower than certain
ize of lighter spheres, and some rods and spheres with different
asses and shapes may never be separated with just centrifuga-

ion. Moreover, our sedimentation rate expression could be utilized
o evaluate the separation efficiency of gold nanorods with den-
ity gradient centrifugation under various conditions. Appropriate
omposition and thickness of the gradient layers and the centrifu-
al time should be chosen for attaining the best isolation efficiency
ccording to our calculation. Experimentally, centrifugal separation
f as-prepared gold nanorods was achieved using a sucrose gradi-
nt solution. Two layers of gold nanorods with narrower aspect
atio distributions were obtained. The results are consistent with
ur theoretical analysis.

. Experimental

.1. Preparation of density gradient sucrose solution

Sucrose solutions were prepared by dissolving pure sucrose
AMRESCO) in deionized water by heating while stirring. After cool-
ng to room temperature, sucrose solutions with different mass
ractions and a total volume of 1.5 mL were carefully added to the
ials layer by layer. The gradient solution from top to bottom was
ade up of sucrose solutions with mass fractions of 20%, 30%, 40%,

0% and 60% with added volumes of 125 �L, 125 �L, 125 �L, 125 �L
nd 600 �L, respectively.

.2. Synthesis and separation of gold nanorods

All the chemical reagents for gold nanorods synthesis were AR
rade and purchased from Shanghai Sinopharm. Gold nanorods
ere synthesized using a seed mediated growth method and the
rocedure for gold nanorod preparation was described elsewhere
25,41]. For a typical density gradient separation, 150 �L crude gold
anorod colloid solution was added slowly onto the top of the
radient sucrose solution and centrifuged with an angular speed
f 6000 rpm for 20 min (if not mentioned otherwise) by using an
ppendorf 5415D Centrifuge. After centrifugation, gold nanorods in
ach separated layer was taken out with a pipette and redispersed
n deionized water.

. Theory

For a particle under simple sedimentation diffusion equilib-
ium, we consider that the forces acting on a particle consist of
entrifugal force, Fc = mp�2r, buoyant force, Fb = −mp�2r(�m/�p),
iscous drag force, Fd = −�v, and isotropic Brownian fluctuating
orce, Ff, where mp is the mass of the particle, r is the distance
rom the center of the centrifuge to the location of the parti-
le, �p and �m are the density of the particle and surrounding

edium, � is the drag coefficient, and v is the velocity of parti-

le sedimentation [27]. When these forces came to a balance, the
edimentation velocity normalized by the applied angular accel-
ration, which is called the sedimentation coefficient, S, can be
Fig. 1. Schematic illustration of the forces acting upon an ellipsoid during steady-
state sedimentation.

obtained from the equation mp�2r − mp�2r(�m/�p) − �v = 0, that
is, S = v/ω2r = mp(1 − �m/�p)/�. The drag coefficient � is related
to the Reynolds number, Re, which is the ratio of the inertial
forces to the viscous forces under given flow conditions. For
nanometer-sized objects during sedimentation, Re � 1 and Stokes’
law applies, so the expression of the drag coefficient for spher-
ical nanoparticles is � = 3��d, where � is the viscosity and d is
the particle diameter. By substituting mp = 1/6�d3�p, the sedimen-
tation coefficient becomes S = (�p − �m)d2/18�. For two gold or
other nanoparticles with different masses, the sedimentation coef-
ficients are different and therefore they can be separated using
density gradient rate centrifugation as reported in the literature
[15,17,18,42].

The rotation of non-spherical particles in the viscous flow has
been thoroughly investigated in the past. Jeffery offered the exact
rotation orbit of non-Brownian ellipsoidal particles in a viscous
flow. Youngren and Acrivos [43] calculated the force and torque of
cylindrical particles in simple shear flows. Intuitively, randomly ori-
ented long cylindrical particles would be guided and eventually be
aligned with the direction of flow or exhibit a biased orientational
distribution [44]. However, in the case of rod-shape nanoparti-
cles with Re � 1 in a simple Stokes flow, the rotational Brownian
motion of the particles cannot be ignored. The orientational dis-
tribution function is affected by both the rotational diffusivities
and the flow velocity, which act in competition with each other to
respectively align and randomize the particle orientations [45]. A
nanorod could make multiple rotations during the time it translates
a distance comparable to its length, and the transient orientational
distribution of the particles could be broad or even random. In that
situation, the average sedimentation coefficient as well as the sep-
aration of rod-like nanoparticles would depend only on their drag
coefficients, which should be simply a function of the shape of the
particles.

Since the velocity of the flow is axially symmetrical, the motion
of a nonspherical particle consists of a rotation in Z–R plane and
a translation in the Z-axis direction (Fig. 1, an ellipsoidal rod is
shown). We consider a prolate spheroid having length L along its

axis of symmetry and diameter D at its equator, so its aspect ratio �
is given by L/D. The rigorous expressions of the drag force translat-
ing parallel and normal to the symmetrical axis of a prolate spheroid
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ave been determined for Stokes flow [46].

‖ = �‖v‖ = �2 − 1

(2�2 − 1)/(�2 − 1)1/2 ln[� + (�2 − 1)1/2] − �
v|| (1)

F⊥ = �⊥v⊥ = 8��D
�2 − 1

(2�2 − 3)/(�2 − 1)1/2 ln[� + (�2 − 1)1/2] + �
v⊥

(2)

Generally the drag coefficient of a particle in viscous flow was
etermined by the pressure of the particle experienced and is
ssociated with the particular surface area. Since a rod and a pro-
ate spheroid have almost the same surface area when their mass
nd aspect ratio are the same, we can use the above equation to
escribing the force acting on a nanorod during centrifugation. For
nanorod having an angle � with the Z-axis, the two orthogonal
rag forces can be transformed into another two orthogonal resis-
ant forces comprising a vertical force, Fz, and a horizontal force, FR.

hen this particle is in steady state sedimentation, force balance
s required both in the vertical and horizontal directions, thus

Z = F|| cos � + F⊥ sin � − mp

(
1 − �m

�p

)
ω2r = 0 (3)

R = F|| sin � − F⊥ cos � = 0 (4)

The resistant forces in the vertical and horizontal direction can
e solved with sin2� + cos2� = 1. So the corresponding instanta-
eous velocities in the two directions, vZ and vR, can be obtained

rom the following equations,

Z = v|| cos � + v⊥ sin �

=
(

1
�||

cos2 � + 1
�⊥

sin2 �

)
mp

(
1 − �m

�p

)
ω2r (5)

R = v|| cos � + v⊥ sin �

=
(

1
�||

− 1
�⊥

)
mp

(
1 − �m

�p

)
ω2r sin � cos � (6)

The vertical velocity vZ determines the sedimentation displace-
ent and dictates whether separation of particles of different

spect ratios can be achieved. Generally, rods and other rota-
ional symmetrical bodies are neutrally stable in any orientation
ithout external orienting forces and Re ≤ 0.05 [47]. For Brown-

an nanospheres and nanorods with diameters of several tens of
anometers under steady state sedimentation, Reynolds numbers
ave a magnitude of about 10−4, and when force balance is consid-
red, the orientation of rotational angle � should be random. Since
he � value of ensemble nanorods is randomized due to their rota-
ional Brownian motion, we can obtain the orientation-averaged
ertical velocity by the following integral,

¯z = 1
2�

∫ 2�

0

vzd� = 1
2�

mp

(
1 − �m

�p

)
ω2r

∫ 2�

0

×
(

1
�||

cos2 � + 1
�⊥

sin2 �

)
d� = mp

(
1 − �m

�p

)
ω2r

�|| + �⊥
2�||�⊥

(7)

To prove if such an integral is valid experimentally for the
old nanorod solutions being studied, we performed centrifuga-
ion of a commercial gold nanorod sample (average L = 74 nm and
= 25 nm from NanoPartz, still polydispersed according to the
EM results, data not shown) in a highly viscous sucrose solu-
ion (60 wt%, � = 58.93 cp at 20 ◦C) at 3000, 6000 and 12,000 rpm
or 80, 20 and 5 min, respectively. After centrifugation, the sedi-

entation displacement of each nanorod band was about the same
1218 (2011) 3823–3829 3825

i.e. 5.3 mm, 5.3 mm and 5.4 mm, respectively, indicating that their
angular acceleration normalized vertical velocity was constant. We
then calculated the time of a gold nanorod needed to make a full
rotation and to translate a distance of its own length. The time 	rot

required for a rotational revolution is 5.7 ms according to equation
[48]

	rot = ��L3

3kBT ln(L/D)
(8)

where kB is the Boltzmann constant and T is the absolute temper-
ature. However, the time of a nanorod (L = 74 nm and D = 25 nm) to
travel a distance equal to its length in the highly viscous sucrose is
67.0 ms, 16.8 ms and 4.1 ms at 3000, 6000 and 12,000 rpm, respec-
tively. It can be seen clearly that these sedimentation times are
comparable to multiples of 	rot, so the Brownian rotation of gold
nanorods should play a significant role here. The above results
suggest that the orientation distribution of the gold nanorods is
randomized and the average vertical velocity obtained is valid.

From the definition of the sedimentation coefficient and
by substituting mp = 1/6�D3� �p into Eq. (7), we obtain the
orientation-averaged sedimentation coefficient in the vertical
direction,

S̄Z = v̄Z/ω2r = mp

(
1 − �m

�p

)
�|| + �⊥
2�||�⊥

= �D2�

12�
(�p − �m)

˝|| + ˝⊥
˝||˝⊥

(9)

By aid of the substitutions

˝|| = �||
�D

= 4�
�2 − 1

(2�2 − 1)/(�2 − 1)1/2 ln[� + (�2 − 1)1/2] − �

˝⊥ = �⊥
�D

= 8�
�2 − 1

2�2 − 3/(�2 − 1)1/2 ln[� + (�2 − 1)1/2] + �
.

We noticed that the above expression for rods can be reduced to
the classical expression of the sedimentation coefficient for spher-
ical particles when the aspect ratio is very close to one. This is
a direct evidence of the validity of our deduction. However, we
failed to obtain the same result using the expression provided by
Sharma [27] due to the unknown correction factors, so our theory
is more robust. Some earlier studies also considered the hydrody-
namic interaction between particles and surrounding fluid. But that
effect is closely related to the concentration of particles. Since the
concentration of nanorod colloids is usually very low, this effect
was quite weak and can be ignored in our derivation.

4. Results and discussion

Because all the parameters in the above expression can be
obtained experimentally, we can establish a predictive model to
evaluate the sedimentation behaviors of nanorods of various diam-
eters and aspect ratios during centrifugation in different viscous
fluids. Fig. 2A shows the calculated sedimentation coefficients of
rod-like particles with the same volume (mass) as a nanorod of
L = 74 nm and D = 25 nm but with different aspect ratios during
centrifugation in the sucrose solution. It can be seen that when
having the same mass, longer and thinner rods always sediment
more slowly than shorter and fatter ones, while spherical parti-
cles have the largest velocity. With the increase of sucrose mass

fraction or the viscosity of the fluid, the sedimentation coefficients
as well as the difference between nanorods with different aspect
ratios decrease. Fig. 2B shows the relationship between the ver-
tical sedimentation coefficients of nanorods and their diameters
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Fig. 2. (A) Orientation-averaged sedimentation coefficients in the vertical direction for nanorods with various aspect ratio but the same mass under sedimentation equilibrium
in sucrose solution with different mass fraction. (B) Sedimentation coefficient as a function of the diameter and aspect ratio of the nanorods. The dashed curves linked particles
w sedim
r eparat
d entrif

a
i
a
d
i
m
e

ith the same mass and the dashed horizontal line marked particles with the same
ods with diverse aspect ratios and spheres with different diameters. (D) Calculated s
uring sucrose gradient centrifugation using different sucrose layer thickness and c

nd aspect ratios. It can be seen that the sedimentation coefficient
ncreases with the diameter for rods with the same aspect ratio,
nd it also increases with the aspect ratio for rods with the same

iameter. This is consistent with the usual knowledge that heav-

er particles sediment faster because the mass of the rods increase
onotonically with either the diameter or the aspect ratio. How-

ver, not all particles with larger mass would fall faster than lighter

Fig. 3. TEM image, distribution of the average aspect ratio and UV–visible
entation rate. (C) Predicated separation profile of a complicated sample containing
ion efficiency of two equal-mass gold nanorods of aspect ratios 2 and 4, respectively,
ugal time. The compositions of the 4 sucrose layers were all 20%, 30%, 40% and 50%.

ones. Also shown in Fig. 2B are one dashed curve linking rods with
the same mass (essentially the same information as Fig. 2A) and
one horizontal line marking particles with the same sedimentation

coefficients. Because the equal-mass curve bends downward for
rods with smaller diameters and higher aspect ratios, the particles
in the triangular region that is above the dashed curve but below
the dashed line will all have larger masses but slower sedimenta-

spectrum of the mother solution of the as-prepared gold nanorods.
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Fig. 4. Density gradient separation of the as-prepared gold nanorods. (A) Optical image of the centrifuge tube and the UV–visible spectra of the two layers after separation.
( , and (
c
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B) TEM image and aspect ratio distribution of nanorods from (B) the upper layer
ounted and did not show up in the histogram data. The scale bar is 100 nm.

ion rates than the spherical particle at the cross point of the curve
nd the line. Moreover, for particles on the horizontal line that have
he same sedimentation rate, the ones to the left are always heavier
han the ones to the right, indicating that this set of particles with
arious diameters, aspect ratios and masses will never be separated
y centrifugation. In other words, while centrifugation can be used
or nanorods separation and purification, truly uniform nanorods
annot be obtained by this method alone. In contrast, theoretically

anospheres uniform in size could be separated from other spher-

cal particles with just centrifugation. Based on the above analysis,
e can obtain a general understanding of centrifugal separation of
heterogeneous nanorod colloid mixture, i.e. larger spheres have
C) the lower layer. All particles and rods with aspect ratio less than 1.5 were not

the fastest sedimentation rate, followed by short and fat rods and
then long and thin rods with similar mass as the sphere, lighter
spheres and rods would sediment last (Fig. 2C).

For particles with dimension distributions that can be sep-
arated by centrifugation, step-layer gradients are often used to
improve the separation efficiency [17]. Increased resistance due
to increasing density and viscosity will make particles with similar
sedimentation rate to stop at certain locations and form a layer at an

appropriate time window. But the separation efficiency could vary
with the composition and thickness of each gradient layer and the
centrifugal time. Fig. 2D shows the calculated separation distance
of two gold nanorods with aspect ratios 2 and 4, respectively, but
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ith the same mass under various conditions using sucrose gradi-
nt centrifugation. We assume that sedimentation equilibrium can
e achieved quickly and the slowing down of the rods at the layer
oundaries is ignored. It can be seen that the separation distance

s dependent on both the centrifugal time and the volume ratio of
ach layer in gradients. Notice that longer centrifugal time does
ot necessarily result in better separation efficiency. Therefore an
ptimized set of parameters should be chosen for each nanoparti-
le sample, and our predictive sedimentation rate equation could be
sed to evaluate the performance of density gradient centrifugation
nder various conditions.

According to our theoretical analysis, nanoparticles with differ-
nt diameters or aspect ratios could have different sedimentation
ates. This property can be exploited to separate or purify
anoparticle solutions using density gradient centrifugation. As a
emonstration, we synthesized gold nanorods using a seed medi-
ted growth method. Fig. 3 shows the TEM image, the extinction
pectrum, and the aspect ratio histogram of the as-prepared gold
anorod colloids. The TEM image indicates that the mother solu-
ion contains a mixture of gold nanorods and a very small fraction of
old nanospheres. The spheres have an average diameter of 24 nm,
hereas the rods have an average a diameter of 11.5 ± 1.8 nm, a

ength of 36.9 ± 5.4 nm, and an aspect ratio of 3.2 ± 0.4. After count-
ng a total of 800 particles, the percentage of spheres was found to
e less than 9%. The UV–visible spectrum also shows that rods are
ominant in the mother solution as the intensity of the longitudinal
urface plasmon peak at 720 nm is much higher than the intensity
f transverse surface plasmon peak at 510 nm. The aspect-ratio his-
ogram is constructed by analysing 500 rods from TEM images. The
ide distribution of aspect ratios indicates that the rods are not
niform in shape.

We used step-layer gradient sucrose solutions (20%, 30%, 40%,
0% and 60%) as the separation medium. Fig. 4 shows the optical

mage, UV–visible spectra, and the TEM images and analysis results
fter a typical sucrose gradient centrifugation of the as-prepared
old nanorod solution. Two well-separated layers of particles could
e clearly observed and the extinction peaks were at 767 nm and
70 nm, respectively. Compared to the extinction spectrum of the
other solution, the upper layer show a red shift and the lower

ayer show a blue shift, indicating that the aspect ratio distributions
f the nanorods changed in both layers. The TEM images reveal that
he upper layer mostly contained relatively long and thin rods plus a
ew small spheres (<3%), and the lower layer was mainly composed
f relatively short and fat rods plus a few large spheres. This is con-
istent with our theoretical analysis that certain range of rods can
ever be separated from certain size of spheres. For each layer, 300
ods were analysed to obtain their size and aspect ratio distribu-
ion. The average length, diameter and the aspect ratio of rods in the
pper layer are 36.5 ± 3.4 nm, 10.4 ± 1.2 nm and 3.5 ± 0.3, respec-
ively. The average length, diameter and the aspect ratio of rods
n the lower layer are 34.7 ± 5.7 nm, 13.4 ± 1.9 nm and 2.6 ± 0.4,
espectively. Compared with the mother solution, the particles
rom either layer show an obvious improvement in both shape and
ize uniformity. Moreover, either collected fraction show little sign
f aggregation and can be further purified for typical sensing exper-
ments of gold nanorods. Based on their dimensions, the rods in the
ower layer are 1.5 times as heavy as the rods in the upper layer,
ut the aspect ratio of the latter is 1.3 times of the former. The cal-
ulated sedimentation coefficient difference between the two rods
s about 8% larger than that between two spheres with comparable

asses. So their separation is still mainly due to the difference in
ass, but the shape-related drag coefficient also plays a significant
ole. Generally, heavier nanoparticles would sediment faster than
ighter particles based on the so-called mass dependent separation.
nce the shape effect is considered, however, the sedimentation
oefficient of nonspherical particles would be both shape and mass
1218 (2011) 3823–3829

dependent. Therefore, larger nonspherical particles such as rods
and plates might not always fall faster than smaller spheres during
practical sedimentation. This is why the shape separation efficiency
is always less than one. For separation of particles with the same
shape such as rod–rod and plate–plate separation, density gradient
centrifugation is still effective when these particles have similar
masses.

5. Conclusions

We successfully applied density gradient centrifugation method
to achieve aspect ratio separation of gold nanorods. By analysing
the force balance upon a nanorod in a Stokes flow in a pipe,
we obtained a rigorous expression that can quantitatively eluci-
date the sedimentation behaviour of nanorods. During steady state
sedimentation, nanorods undergo rotational Brownian motion,
resulting in the characteristic orientation-averaged sedimentation
coefficient that is a function of the mass, diameter and aspect
ratio of the rods. Thus nanorods with the same mass but diverse
aspect ratios can be separated. Our theoretical analysis is consis-
tent with experimental separation/purification of as-prepared gold
nanorod solution using sucrose gradient centrifugation. Two layers
of nanorods with distinct and sharp aspect ratio distributions were
obtained. Our theoretical framework could be further exploited for
evaluating separation and purification of other types of nonspher-
ical nanoparticles.
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Appendix A. Appendix

Deduction of the expression of the sedimentation coefficient of
a prolate spheroid or rod in simple sedimentation diffusion equi-
librium was based on the requirement that the forces acting on the
particles come to a balance.

FZ = F|| cos � + F⊥ sin � − mp

(
1 − �m

�p

)
ω2r = 0 (1a)

FR = F|| sin � − F⊥ cos � = 0 (2a)

By substituting F = �v we can get

�||v|| cos � + �⊥v⊥ sin � = mp

(
1 − �m

�p

)
ω2r (3a)

�||v|| sin � = �⊥v⊥ cos � (4a)

Multiply Eq. (3a) with cos � and substitute Eq. (4a),

�||v|| cos2 � + �⊥v⊥ cos � sin � = mp

(
1 − �m

�p

)
ω2r cos � (5a)

�||v|| cos 2� + �||v|| sin2 � = mp

(
1 − �m

�p

)
ω2r cos � (6a)

Since sin2� + cos2� = 1, we can get the expression of v|| and v⊥.

v|| = mp

(
1 − �m

)
ω2r cos �

(7a)

�p �||

v⊥ = mp

(
1 − �m

�p

)
ω2r sin �

�⊥
(8a)



togr. A

t

v

v

s

s
i
i

S

˝

˝

R

[
[
[

[
[
[

[

[

[

[
[
[

[
[
[
[
[

[
[

[
[
[
[

[
[
[

[

[
[

[
[
[
[
[
[44] K. Zhou, J.Z. Lin, Fibers Polym. 9 (2008) 39.
[45] O. Bernstein, M. Shapiro, J. Aerosol Sci. 25 (1994) 113.
[46] G. Kasper, T. Niida, M. Yang, J. Aerosol Sci. 16 (1985) 535.
[47] G. Kasper, Aerosol Sci. Technol. 1 (1982) 187.
[48] Z. Dogic, A.P. Philipse, S. Fraden, J.K.G. Dhont, J. Chem. Phys. 113 (2000) 8368.
B. Xiong et al. / J. Chroma

So the corresponding instantaneous velocities in the two direc-
ions, vZ and vR, are given by

Z = v|| cos � + v⊥ sin �

=
(

1
�||

cos2 � + 1
�⊥

sin2 �

)
mp

(
1 − �m

�p

)
ω2r (9a)

R = v|| cos � + v⊥ sin �

=
(

1
�||

− 1
�⊥

)
mp

(
1 − �m

�p

)
ω2r sin � cos � (10a)

The average vertical velocity of a Brownian prolate spheroid in
edimentation was obtained by the integral

v̄z = 1
2�

∫ 2�

0

vzd� = 1
2�

mp

(
1 − �m

�p

)
ω2r

∫ 2�

0

(
1
�||

cos2 � + 1
�⊥

sin2 �

)
d�

= 1
2�

mp

(
1 − �m

�p

)
ω2r

∫ 2�

0

(
1

2�||
(cos 2� + 1) + 1

2�⊥
(1 − cos 2�)

)
d�

= 1
2�

mp

(
1 − �m

�p

)
ω2r

∫ 2�

0

(
1

2�||
+ 1

2�⊥

)
d� + 1

2�
mp

(
1 − �m

�p

)
ω2r

∫ 2�

0

(
1
2�

cos 2� − 1
2�⊥

cos 2�

)
d� = mp

(
1 − �m

�p

)
ω2r

�|| + �⊥
2�||�⊥

(11a)

From the definition of the sedimentation coefficient and by sub-
tituting the mass expression of a prolate spheroid mp = 1/6�D3� �p

nto Eq. (11a), the orientation-averaged sedimentation coefficient
n the vertical direction is given by the follows equation

¯Z = v̄Z

ω2r
= mp

(
1 − �m

�p

)
�|| + �⊥
2�||�⊥

= �D2�

12�
(�p − �m)

˝|| + ˝⊥
˝||˝⊥

(12a)

By applying the substitutions

|| = �||
�D

= 4�
�2 − 1

(2�2 − 1)/(�2 − 1)1/2 ln[� + (�2 − 1)1/2] + �

⊥ = �⊥
�D

= 4�
�2 − 1

(2�2 − 3)/(�2 − 1)1/2 ln[� + (�2 − 1)1/2] − �
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